
TION 

= concentration of carbon di- 
oxide 

C‘ = concentration of carbon mon- 
oxide 

Cg = concentration of carbon di- 
oxide in main gas stream 

D = effective diffusion coefficient 
of carbon dioxide through 
porous graphite 

k = rate constant 
p =pressure 
T = distance along radial direction 

of cylindrical sample 

R 
T = temperature 
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The Laminar-Turbulent Transition for 

Fluids with a Yield Stress 
RICHARD W. HANKS 

Oak Ridge Gaseous Diffusion Plant, Oak Ridge, Tennessee 

The pumping of semifluid sub- 
stances (that is substances which flow 
as fluids only when stressed beyond a 
finite yield stress) is of considerable 
practical interest in fields ranging 
from sewage treatment to nuclear re- 
actor design. In many of these applica- 
tions it is desirable to know the condi- 
tions which determine the onset of 
turbulent flow. 

The onset of turbulent flow can be 
predicted quite accurately for the flow 
of Newtonian fluids in ducts of various 
geometries ( I ) ,  and for the noniso- 
thermal (2) and isothermal ( 3 )  pipe 
flow of non-Newtonian fluids charac- 
terized by the power-law rheological 
model. However in reference 2 it was 
shown that the treatment of data ob- 
tained with semifluid substances in 
terms of Metzner and Reed’s ( 4 )  point 
slope technique did not permit the cor- 
relation of the flow transition data for 
these fluids. The purpose of the pres- 
ent paper is to compare the author’s 
(1 ) method of predicting the laminar- 
turbulent flow transition with isother- 
mal pipe-flow data for such semifluids 
and to present the theoretical equa- 
tions for flow in other geometries. 

THEORETICAL DEVELOPMENT 

Pipe Flow 

A rather general criterion for the 
onset of turbulence has been proposed 

(1) which, for the case of flow in 
straight pipes of circular cross section, 
may be written as’ 

If Equation (1)  is evaluated at r = r, 
the radius at which the flow field is 
least stable (1) (obtained from the 
condition dK/dr = 0) ,  and K is set 
equal to the constant (1) value K = 
404, one can solve for i,, the critical 
velocity of flow. This is usually most 
conveniently done in dimensionless 
form by expressing as a Reynolds 
number. 

In order to use Equation (1) an ex- 
pression for ( r )  is required. Such an 
expression can be obtained by integra- 
tion of the rheological equation of the 
fluid together with the equations of 
motion. A simple rheological equation 
for fluids exhibiting yield stresses is the 
linear Bingham ( 5 )  equation, which 
for cylindrical geometry is 

( 2 )  
dv ,  

7,. = f 7. - r )  - 
dr 

when 1rP11 > Irol. If 1 ~ ~ ~ 1  5 1 ~ ~ 1 ,  the 
rheological equation is dv,/dr = 0. In 

0 The relation between Equation (1) and a 
arameter proposed by Ryan and Johnson similar 

(3) is %cussed in reference 1. 

Equation ( 2 )  1) is the plastic viscosity 
or coefficient of rigidity, and r0 is the 
yield stress. 

From Equation ( 2 )  and the equa- 
tion of motion the following expres- 
sions for the velocity profile can be ob- 
tained: 

where g = r / r ,  is a dimensionless 
radius and Q = ro/rw = r,/r,  is the 
dimensionless radius of the unsheared 
plug in the central core of the flow 
field. From Equations (3) and (4) the 
average velocity can be obtained as 

- T w T w  4 1 .=-( 1 - - f f + - f f 4 )  3 3 ( 5 )  
4., 

which is the familiar Buckingham (6) 
equation. 

From the nature of the flow field 
and the stability parameter ( I ) ,  it is 
evident that (Y < < 1, where is the 
point of minimum stability. Therefore 
from Equations (1)  and (3)  one can 
obtain 

- 
f = a +  ( 1 - a )  v‘TE (6) 

From Equations ( l) ,  (3 ) ,  ( 5 ) ,  and 
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(6) one finds that the quantity dv<dq 
= N R . ~  is given by 

4 1 
l--ff.+-ff(Y.l 

3 3 
N B ~ ,  = KVW (7) (1 

where a, = T./T,. is the value of a 
corresponding to the laminar-turbu- 
lent transition, and K V ' ~  = 2,100 (see 
reference 1 ) . 

In order to use Equation ( 7 )  one 
needs an expression for ae. Such an 
expression can be obtained by noting 
that, with the help of Equation ( 5 ) ,  
one can rearrange the expression for 
R ; R S ~  to give 

4 1 
l--ffcu, +-a: 

3 3 
8a0 

N H ~  (8) N R ~ ~  = 

where NHs = p b T , / $  is the Hedstrom 
number (7)  which involves only the 
geometry of the system and the fluid 
properties. From Equations ( 7 )  and 
(8) one finds 

(9) (1  - as)' 16,800 

Thus N R ~ .  can be calculated from 
Equations (8) and (9)  and a knowl- 
edge of the physical properties of the 
fluid and the pipe system. 

The above treatment may be ex- 
tended to include flow between parallel 
plates and in concentric annuli. 

N J I e  - a. _- 

Parallel Plates 

The analogue of Equation (1) for 
1 P  parallel pIates is K = - ~ 

2 dv/dz  
d ( u t ) / d y .  By repeating the Above 
procedure for the parallel plate geom- 
etry one obtains the following set of 
equations : 

3;[1-20, (l-+)-+'] 

1 '  2 [  1 - p  + - a 8  
3 

v ( + )  = 

2 
a s 4 5 1  (10) 

equatians for the Bingham model has 
been given by Fredrickson and Bird 
(8). Since K is inherently positive 
( I ) ,  only that portion of Fredrickson 
and Birds velocity profile for which 
- dv,/dr > 0 need be considered. If 
their expression for this part of the 
velocity profile is written in terms of 
the radial variable x = (r - rl)/(ra - rJ, 
and the same procedure used above is 
followed, one obtains the following ex- 
pression which must be solved for ; 
the point of minimum stability: 

I 33 ( l - a y  
(1 +0--2&) ( 1 - 3 1  

2(1--ar 
f" CP + A  ( A - f i . a ) I  - 

3 v ( d )  = 

(A- f ) "  (A + f - 80)" = 0 (16) 

where f = u + (1-  U ) X ,  u = rl/r2, 

6 = - r,, and A is obtained (8) as 
the solution of the following equation: 

os+sff  (11) 
- - h w  3 1 

v = -  (1 - - ,+ - , . )  (12) 
2 2 P. = 27. (1  - 0)/p6, P = - dp/& 31 

- 
4 = a  + (1-a)  v z  (13) 

3 1 8  (Bo + a) * + 2/3. ( 1 - A) = 0 ( 17) 
1--ffCw.+-ac 

2 2 In terms of the equivalent diameter 
a. 

N H a  (14) 
(1) d. = (r, - rl) V'G, where 

(18) 
f fe  - N,, (1+u2)_In=+ (1-0-2 

(15) + =  2(1 -a )a l ,a  -- 
(1  - a0)' 22,400 

where 2h is the separation of the the following result is obtained: 

plates, C+ = y/h is the dimensionless 
distance measured from the midplane 
between the plates, T~ = - h (dp /dz )  , 
and d, = 4h v/2/3, the diameter used 
in N H ~  and N R ~ , ,  is an equivalent diam- 

In Equation (19) the parameter 8. 
corresponds to a, in the previous re- 
sults. The value of &, is obtained from 
the Hedstrom number as follows: 

12,928 $ 
- - Nns ( 1 - c ) "  

eter which has been found useful (1) 
in the Newtonian flow limit (a + 0). 

Concentric Annuli 

In dealing with the flow of Bingham 
fluids in concentric annuli one must 
pay careful attention to the sign of r0 
in Equation (2) due to the change of 
sign of dv,/dr at the point of maxi- 
mum velocity. A detailed treatment of 
the (algebraically) somewhat compli- 
cated solution of the laminar flow 

In order to obtain numerical values 
of from the above relations Equa- 
tions (MI), (17), and (20) must be 
solved simultaneously for the values 
of B,,, k, and This rather tedious 
process has been carried out numeri- 
cally for several values of the param- 
eters invohed, and the results' are 

0 A detailed discussion and complete tabulation 
of all numerical calculations are contained in the 
report by the author "A Generalized Criterion 
for the LF,mhar-Turb;lent Transition in the Flow 
of Fluids Union Carbide Nuclear Com any, Oak 
Ridge G&ous Diffusion Plant, (K-15317, Novem- 
ber 19, 1962. 
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shown grapmally in Figure 1. 
Comparison with Experiment 

Unfortunately no experimental data 
appear to be available with which to 
test the calculations for flow of Bing- 
ham fluids through concentric annuli or 
between parallel plates. However there 
are available in the literature many 
sets of pipe-flow data obtained with a 
wide variety of semifluid materials. 
These data have been analyzed in 
terms of the Bingham model and 
plotted in Figure 2. The solid line in 
Figure 2 was calculated from Equa- 
tions (8) and (9). There is appreci- 
able scatter in the data, but for Nas < 
lo6 the data are in good agreement 
with the calculated curve. For N H s  > 
10" the data tend to fall above the 
curve. In order to explain this trend 
one must consider Figure 3 in which 
the solid curve is a plot of a, vs. I?,, 
as calculated from Equation (9), and 
the data were obtained from some of 
the sources listed in Figure 2. It is ob- 
served in Figure 3 that for Nas > 10" 
the data points definitely fall below 
the calculated curve. The value of 
N,. = 10" is seen to correspond to 
a. N 0.55. It is thus apparent that 
when a0 > 0.5 (the radius of the un- 
sheared plug is greater than half the 
pipe radius) the analysis fails to de- 
scribe the physical situation accurately. 
This failure is very probably due to 
the inadequacy of the simple linear 
Bingham model to represent the flow 
profile accurately. That this is a plaus- 
ible explanation can be demonstrated 
quantitatively by performing the ana- 
logous calculations with a more elabo- 
rate and realistic modeI. 

PIPE FLOW SOLUTION FOR 
POWELL-EYRING MODEL 

A rheological equation which repre- 
sents a wide variety of experimental 
data very well (especially for Bingham 
fluids with large NH.)  is the nonlinear 
Powell-Eyring (9) equation 

1 
rrs = p. y + sinh-' ( y / A )  (21) 

where y = - dv,/dr, and A, By and 
pm are constants. 

Equation (21) more accurately rep- 
resents the velocity profile than does 
Equation (2) .  In an actual fluid the 
sharp step-function nature of Equa- 
tion (2) ,  which requires the existence 
of a discontinuous shear rate distribu- 
tion in the pipe, is never realized. 
Equation (21) permits a very slowly 
varying shear rate distribution in the 
central region of the flow field, but 
nevertheless one which vanes continu- 
ously from zero shear rate at the axis 
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to a maximum at the wall, without the 
physically unreal discontinuity of the 
Bingham model. 

Equation (21) can be rewritten as 

hT, = or + sinh-' r (22) 
where T ,  = Br,, r = y /A,  and o = 
ABp,. In terms of these variables the 
expression for the volumetric flow rate 
Q can be written (9a) in the form 

where q' = q / A  and q = Q/wrw8. By 
introducing Equation (22) into Equa- 
tion (23) and performing the integra- 
tion one obtains 

2 2 3 - (1 + rwz)8'* - - 
3 

[ (2  rm2 + 1) (~inh-~r,)"-2r, 

qi + rwz sinh-I rw -f- rw8] + 
r w ( s i n h - 1 r w ) * - 3 ~ l  + rwa 

(Sinh-lr,)" + 6 [rw sinh-'r, - 

V m +  11 } (24) 

where T ,  = d, + sinh-'r,. 
If the procedure described above for 

pipe flow is followed with Equation 
(22), the following equation is ob- 
tained, which must be solved for r 
(the value of 7 at the position where 
the fluid is least stable): 

1+rz 2 + - - 0 d 1 + ' 2  -3 - 
( 2  

dl +r" = 0 (25) 

In Equation (25) rw, is the value of 

r, at transition mdr is related to-6 
through Equation (22). 

Equation (25) must be solved 
simultaneously with 

where N H s  = d$/p:B is the Powell- 
Eyring analogue of the Hedstrom 
number. Once the value of rwo has 
been found, it can be used in Equa- 
tion (24) to calculate 9'0 from which 
one can then calculate the critical 
Reynolds number from the relation 

N I R ~ ~  = - o q f o  N H ~  where N R ~ O  = 
1 
2 

dvep/pm. 
One set of the data of Gregory (10) 

for flow of river-mud slurries through 
a 4-in. pipe was calculated in terms of 
both the Bingham model and the 
Powell-Eyring model. In terms of the 
Bingham model the ratio N R ~ ~  (exp't) / 
N R ~ ,  (theory) = 1.13, whereas for the 
Powell-Eyring model the same ratio 
was 1.03. Since N a .  = 2.8 X lo", 
which is in the range where deviations 
from the simple theory are clear, the 
closer agreement between the experi- 
ment and theory for the Powell-Eyring 
model is an indication of the inade- 
quacy of the Bingham model to repre- 
sent the flow system accurately when 
h ' H e  > 10'. 
SUMMARY AND CONCLUSIONS 

The range of application of the 
method of reference 1 for predicting 
the onset of turbulence [which has 
been successfully applied in an equiva- 
lent form to the isothermal (3) and 
nonisothermal (2) pipe flow of pseudo- 
plastic fluids and to the flow of New- 
tonian fluids in ducts having various 
geometries ( I ) ]  has been extended to 
include the case of flow of fluids POS- 
sessing yield stresses. The method was 
applied to flow in pipes, concentric 

N". 

Fig. 2. Variation of N R ~ ~  with N H ,  for Bingham flow in tubes. 
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n“, 

Fig. 3. Variation of ae with Nas for Bingham flow in tubes. 

annuli, and between parallel plates in 
terms of the linear Bingham plastic 
rheological equation (20 ) .  The pipe- 
flow calculations were compared with 
literature data and found to agree weII 
for Nas < 10‘. 

The systematic deviations of the 
data from the theoretical curve for 
N,,  > 10‘ were explained as due to 
the inadequacy of the linear Bingham 
model to describe the flow profile ac- 
curately when the diameter of the cen- 
tral unsheared plug becomes roughly 
half that of the pipe. This explanation 
was examined quantitatively by use of 
the more complicated Powell-Eyring 
(9) model. Closer agreement with the 
mud-slurry data of Gregory (10) was 
obtained than when these data were 
treated in terms of the Bingham model, 
thus indicating the inadequacy of the 
simpler model at high N H s  values. 
Therefore if great accuracy is desired 
for Na, > lo‘, one must resort to a 
more complex (and usually nonlinear) 
rheological equation in order to pre- 
dict the critical Reynolds number, al- 
though the linear Bingham model will 
give conservative results in this range. 

It has previously (2) been demon- 
strated that transition flow data for 
semifluid materials could not be cor- 
related when these fluids were treated 
as generalized power-law fluids by the 
use of Metmer and Reed’s ( 4 )  point 
dope technique in combination with 
the results of reference 3. The success 
of the present results therefore indi- 
cates that their method, while useful 
in some cases, does not correctly ac- 
count for the effect of the plug on the 
stability properties of the flow field 
and hence may not be applied to this 
problem. 
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NOTATION 
A = constant in 

B = constant in 
equation 

eauation 

K 

x 

of rigidity in Equation (2) 
= critical value of stability pa- 

rameter = 404 
= parameter in Fredrickson and 

Bird’s treatment of Bingham 
00w in annuli 

I ‘  = constant in Powell-Eyring 

t = dimensionless radial coordi- 

p = fluid density 
u 
T~ 

equation 

nate, r/r ,  
iiq 
d-ko. c-11 

= annular radius ratio, rJrz 
= Bingham yield stress in Equa- 

Powell-Eyring 

Powell-E yring 

d = pipe diameter 
d, 

centric annuli 
d ,  

lel plates 
dp/dz = axial pressure gradient 

h = half separation between paral- 
lel plates 

K = stability parameter, defined 
by Equation (1) 

N,, = Hedstrom number, pro&’/~z, 
(may also use d,,, d,) 

NIHs = Powell-Eyring Hedstrom num- 
ber, pd”/p,“B 

N R ~ .  = Reynolds number, d<p/q, 
(may also use d., d,) 

W R ~ .  = Powell-Eyring Reynolds num- 
ber, d&p/p- 

P = - dp/dz 

= equivalent diameter for con- 

= equivalent diameter for paral- 

- 
f = . - + ( l - - ) x  

q 
4‘ = q / A  
Q = volumetric flow rate 
r = Radial coordinate 
r,,r, = inner and outer radii of con- 

r = radius of minimum stability 
r, = pipe radius 
T, = BT, = or, + sinh-I r, 
v. = axial velocity component 
u = area mean velocity of flow, 

v ,  = critical mean velocity at tran- 
sition 

y = position coordinate measured 
from midplane between paral- 
lel plates 

= pseudo shear rate, Q/?~T,’ 

centric annuli - 

- 

- Q/n7** 

Greek Letters 
a = TJT- 

a,. = r.,/rrOc 
8. = 27. (1  - u)/PS 

= shear rate, - dv,/dr 
r = ?/A 
r, = value of r at pipe wall 
r = value of r at point of mini- 

8 = separation between tubes of 

7 = plastic viscosity or coefficient 

- 

mum stability 

annulus, rz - rl 

tion (2) 
rra = stress component 
T ,  = value of rre at r = r,o 
4 = y / h  
x = ( r  - r l ) / ( r a  - rd 
+h = function of u defined by Equa- 

tion (18) 
w = dimensionless grouping of 

Powell-Eyring constants, A B p ,  
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